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Introduction

One of the inherent challenges in the study of self-assem-
bling processes in solution is the characterization of the
chemically different assemblies that constitute the equilibri-
um mixture. In many cases the interactions between the
components constituting each assembly are strong and/or ki-
netically inert and the number of chemically different as-
semblies is limited so that techniques like NMR spectrosco-
py, electrospray ionization mass spectrometry (ESIMS), size
exclusion chromatography (SEC), viscometry, vapor pres-
sure osmometry (VPO), and analytical ultracentrifugation
(AU) can be used in the elucidation of the composition and/
or structure.[1] In contrast there are many cases in which the
species exist in low concentration, or in which the interac-
tions between the different components are weak and/or ki-
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netically labile, making the composition of the system con-
centration-dependent. In such cases, the different assemblies
formed upon aggregation cannot be characterized by the
techniques mentioned above, and in practice, a rigorous
mathematical treatment of association models will be the
sole means to acquire information about the composition
and association constants of the different possible assemblies.
In the case of supramolecular polymers, the analysis of

the composition is particularly important. Assembly of
mono ACHTUNGTRENNUNGmers containing two or more binding sites occurs by
noncovalent bonds such as hydrogen bonds, p–p interac-
tions, or metal coordination, resulting in linear or branched
assemblies, dendrimers, or liquid crystals.[2] In the past
decade, the interest in such polymers has grown considera-
bly in attempts to obtain polymeric materials with new
properties compared to covalent polymers.[2h] Moreover,
supramolecular polymers formed by hydrogen bonding be-
tween mono ACHTUNGTRENNUNGmers have been popular ever since the appear-
ance of the field.[3,4] More specifically, in the quest for poly-
mers with new properties, hydrogen-bonded supramolecular
copolymers are attractive because of the ability of easily ad-
justing the property of a given polymer by simply adding an-
other type of monomer to the solution.[5] Due to the rela-
tively low barriers of activation involved in bond-breaking
and bond-formation of hydrogen bonds, hydrogen-bonded
supramolecular polymers will immediately respond to exter-
nal stimuli. For instance, new copolymers are formed by ad-
dition of another type of monomer and rearrangement to
form the most stable association of monomers.
One important objective in the field is to correlate the

properties of the supramolecular copolymers with their com-
positions. So far only copolymers containing two different
monomers have been assembled and most of the reported
copolymers are alternating copolymers, …ABABAB… In
general, these are obtained by using one monomer, A, with
the same hydrogen-bonding motif in its two ends, and an-
other monomer, B, with a different, but complementary
motif to A, in its two ends. The reason why supramolecular
copolymers that do not contain more than two different
types of monomers or supramolecular polymers of two
mono ACHTUNGTRENNUNGmers with different topology than the ones above have
not been used, might be the difficulties in their characteriza-
tion. Due to the fact that many hydrogen-bonded supra-
molecular polymers constitute rapid equilibrium systems,
their composition will be concentration-dependent. This
makes the use of classical polymer techniques of little ap-
plicability already for systems with only one monomer,[4a,6]

and it is virtually impossible to characterize systems of more
than one type of monomer, supramolecular copolymers, in
which many more equilibria with different association con-
stants are involved.[5b] Recently, promising techniques have
been introduced to characterize supramolecular oligomers
and polymers.

1) Chain stoppers have been introduced at the ends of the
polymers to block the concentration dependence of the
molecular mass of the aggregates.[6]

2) The presence of cyclic dimers in mixtures of supramolec-
ular polymers have been detected by comparing diffusion
coefficients, and thereby masses,[7d,e] obtained by pulsed-
field-gradient (PFG) NMR techniques such as diffusion-
ordered spectroscopy (DOSY).[7]

3) Identification of next neighbors in supramolecular co-
polymers have been achieved by fluorescence spectrosco-
py of labeled monomers.[8]

4) Very recently a supramolcular oligomer of a defined
length was assembled using the principle of Vernier as-
semblies.[9]

In contrast, for dynamic (generally weakly associated)
multi-component supramolecular systems the techniques 1)
and 3) are difficult to employ.[10] The same is true for
method 2).[11] In method 4) multiple binding-sites are
needed and has so far been applied only to systems contain-
ing relatively strong binding sites.
In contrast, the characterization of dynamic supramolec-

ular copolymers by NMR dilution titrations[12] to fit equilib-
rium models to observed changes in chemical shift of aver-
age proton resonances with concentration has not yet been
fully recognized. So far, the NMR titration characterization
of one polymeric system consisting of two different aromatic
molecules, aggregating by p-stacking has been reported,[13]

and analyses of supramolecular copolymers have been per-
formed by using the dimerization model,[14] instead of a gen-
eral association model.
We have developed a general approach to characterize

dynamic supramolecular polymers by the application of an
advanced mathematical treatment based on a general associ-
ation model. It allows for the characterization of supra-
molecular copolymers in terms of speciation in solution, and
for determination of the location of a particular monomer in
a given assembly. A less general mathematical approach has
been reported earlier by Veselkov.[13] Although the mathe-
matical derivation of the expressions for the characterization
of supramolecular copolymers is strictly done for linear ag-
gregates, the present model is also extended to include
cyclic structures as demonstrated in the case study (vide
infra). The model is general for dynamic (kinetically labile)
multicomponent systems with two binding sites, and it is in-
dependent of the technique used to extract equilibrium
data. Here it will be applied to NMR dilution titrations. The
most important feature of this treatment is that it allows for
the extraction of information from spectroscopic data re-
garding the characterization of weak supramolecular assem-
blies. For such systems, the characterization is almost impos-
sible by other means. The present methodology seems to be
the only general one to date.
The association constants are key parameters in the char-

acterization of supramolecular copolymers. For supramolec-
ular hydrogen-bonded copolymers the association constants
between the monomers are often estimated from the associ-
ation constant of the monofunctionalized analogue of the
monomers, resulting in dimerization constants instead of
true association constants.[14] Linear aggregation of two dif-
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ferent monomers have been described by the use of isodes-
mic models (vide infra).[15] However, there are limitations in
their application or theoretical approach.[16] Another ap-
proach is more general, but the derivations are made in
ways that do not generalize to systems higher than those
containing two different monomers.[13] For supramolecular
copolymers with more than two monomers and different
self-association constants, the recognition motif of each of
the monomers has not been programmed to form predomi-
nately one type of association, and accordingly to date,
there is no reported method to derive the association con-
stants for such complicated systems. Therefore, the so-pro-
duced copolymers cannot be fully characterized.
Our approach to the problem of characterizing dynamic

supramolecular systems stems from our interest in the field
of less-rigid artificial-enzyme models,[17] in which we recently
designed a catalytic supramolecular system in which all rec-
ognition motifs, both between catalyst subunits and between
substrate and catalyst, are kinetically labile.[18] The system
was designed to have a catalytic cavity 1 composed of a
manganese–salen complex 2 as the catalyst and a zinc–por-
phyrin 3 as the receptor (Figure 1). The ultimate aim of the

design of macrocycle 1 is to catalyze the epoxidation of pyr-
idyl appended olefins at the expense of phenyl appended
ones. The catalyst and the receptor parts interact by two 2-
pyridone self-complementary hydrogen-bonding motifs at-
tached to each component. The binary hydrogen-bonding
system of type acceptor–donor (AD) of the 2-pyridone
motif was chosen to ensure a kinetically labile system,[19]

and the pre-organization of the two 2-pyridone motifs of

each of 2 and 3 was designed to give rise to an AD//DA–
DA//AD motif in 1.[20]

Since it is entropically more favorable to form discrete
cyclic species than polymers, macrocycle 1 was thought to
be the major species in the solution at the concentration for
the catalytic reaction. This hypothesis was used in our pre-
liminary study.[18a] Indeed, in the epoxidations, the system
2+3 exhibited higher selectivity for pyridine-appended styr-
enes than the phenyl ones (Figure 2).[18a]

A model of the catalytic system 2+3, the metal-free cata-
lyst 4 and receptor 5, was investigated by NMR dilution ti-
trations in CDCl3 to estimate the equilibrium constants,
since 2 is paramagnetic, and 2 and 3 are not soluble enough.
It was clear that homopolymers of the type 4n, 5n, or copoly-
mers of type 4n5m, could not be neglected, since a mathemat-
ical model involving only the formation of the metal-free
congener of the catalytic cyclic heterodimer 1, the cyclic
heterodimer 6 from 4+5 (Figures 1 and 3), could not ac-

Figure 1. Representation of system 1 (2+3) and metal-free 6 (4+5).

Figure 2. Molecular mechanics[21] 3D representation of the transition
state of the epoxidation of a pyridine-appended styrene by 1. Long alkyl
chain substituents are removed for clarity and ease of modeling.

Figure 3. Molecular mechanics[21] 3D representation of the model macro-
cycle 6. Long alkyl chain substituents are removed for clarity and ease of
modeling.
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count for the observed NMR dilution titration data (vide
infra).
Thus a mathematical model was needed to account for all

supramolecular polymeric species, 4n, 5n, and 4n5m, present
in the solution of monomers 4 and 5 in addition to the dis-
crete macrocycle 6 and the monomers themselves. We now
report on the derivation of a complete association model for
the formation and characterization of dynamic linear supra-
molecular copolymers of unlimited numbers of different
monomers. This model is an extension of the isodesmic
model for self-aggregation, the equal K model (EK)[15] and
the covalent copolymerization model.[22] It accounts for the
statistical distribution of more than one type of monomer in
linear supramolecular copolymers. It is applied to the char-
acterization of our supramolecular system described above
involving formally two different monomers, 4 and 5, but in
reality three (vide infra). The model can be easily extended
to also account for the simultaneous formation of cyclic spe-
cies in addition to the linear copolymers, a situation com-
monly encountered in the field of supramoelcular polymers.
The technique used is (curve) fitting of an extended EK
model, involving also the presence of nonlinear chemical
species in the equilibrium system, to observed NMR dilution
titration data at several temperatures to obtain the thermo-
dynamic parameters, DH8 and DS8, for the involved equili-
bria. The so-obtained thermodynamic parameters are then
transformed to equilibrium constants (K) for each measured
temperature. It should be noted that (curve) fitting methods
require no approximations and allow for an almost unre-
stricted number of experimental data points (concentra-
tions).[12] They are correct data treatments and should pro-
duce the most reliable and accurate measurements.[12] The
model is not exclusive for the area of supramolecular co-
polymers, but can be applied to any kinetically labile system
consisting of components containing two binding sites. It
should be noted that the method can be applicable to any
experimental method for which the observed properties of a
system consist of an average of the individual components
(weighted by the mole fraction of each component).

Results and Discussion

Defining the association model : Equation (1a–c) describes
the equilibrium (mechanistic) model for the linear elonga-
tion of supramolecular polymers by successive addition of
monomers (M) to an n-mer.

MþMÐM2 K1 ¼
½M2�
½M�2 ð1aÞ

M2 þMÐM3 K2 ¼
½M3�
½M2�½M�

ð1bÞ

Mn�1 þMÐMn Kn ¼
½Mn�

½Mn�1�½M�
ð1cÞ

In the general case the formation of an n-mer would thus
be described by n�1 association constants, making the
system very difficult to characterize due to the fact that to
fit such a complicated model, an enormous amount of data
would be required. To reduce the number of association
constants, some simplified models have been developed and
used with success: The EK model[15] is based on the assump-
tion that addition of any monomer to any chain of length
greater than or equal to one, takes place with the same stan-
dard free energy and therefore with the same association
constant (K1=K2=K3=…=Kn=KE) meaning that the
polymerization is non-cooperative. Another model used is
the attenuated K model (AK).[15,23] In this case it is assumed
that the enthalpy of addition to a growing chain is constant,
while the successive addition of monomers is increasingly
less probable and hence less favored entropically. As a
result, the value of the association constant is tapered off
(K1=KE/2; K2=KE/3; …Kn=KE/n+1). Additional modifi-
cations of the EK model have been developed, such as as-
suming the first association constant to be different and all
remaining association constants to be equal (K1=K2=K3=

…=Kn=KE).
[23] Another modification is to assume that the

polymerization takes place up to an n-mer with the same as-
sociation constant and from n-mer to higher degree of poly-
merization with a different association constant (KE1=K1=

K2=K3=…=Kn ; KE2=Kn+1=Kn+2=Kn+3=…=Kn+m).
[24]

The model that there is no energy difference between
adding a monomer to another monomer or polymer is ade-
quate for simulating most covalent polymerizations, because
synthetic polymers are generally linear and incapable of
nonadjacent interactions or the formation of higher order
structures. Moreover, the reactivity of functional groups has
long been proven to remain constant, irrelevant of the
length of the chains to which they are attached.[25] This view
on covalent polymerization has been the basis for the EK
model of indefinite aggregation. It has been demonstrated
to fit most supramolecular polymerizations.[25] Thus the
simple EK model is by far the most used for supramolecular
polymers.[25] This non-cooperative model should be even
more applicable to systems in which there is a large spatial
distance between the reacting groups in the monomers, such
as in 4 and 5, making cooperative binding by formation of
tight helices less likely.
The models described above in this section are to date

only developed for supramolecular polymers that have only
one type of monomer, or for copolymers for which the asso-
ciation constants between the different monomers are equal.
However, in the case in which there is more than one type
of monomer, an extension of the EK model is needed. Con-
sider for example a system consisting of three different
types of monomers a, b, and c, each with a different, but
within the same monomer, the same association element in
each end. The association constants between two monomers
will be all different (Kaa, Kbb, Kcc, Kab, Kac, and Kbc,
Figure 4), but in this extended EK model, a specific associa-
tion constant between two given monomers will not change
if the location of these two monomers changes within a
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supramolecular copolymer. Still, the derivation of the EK
model becomes complicated. In fact, the general extensions
that exist consider systems of two monomers only and in ad-
dition, the derivations are made in ways that do not general-
ize to higher dimensional systems as stated above.[13] How-
ever, as will be demonstrate here, the EK model can be ex-
tended to any situation by the stringent use of linear alge-
bra. Our approach is related to a framework found in Chap-
ter III of FloryOs book “Statistical Mechanism for Chain
Molecules”,[22] and it is also similar to computations done
for so-called hidden Markov models in statistics.[26] The only
limitation in the application of the model is caused by the
restricted number of experimental data.

Derivation of the mathematical model

General notations : Consider a system comprising r different
types of monomers, and let m be the set of all monomers.
Let M be an rR r matrix, the (x,y) element (row x, column
y) of which is Kxycx, in which x and y are two types of mono-
mers (possibly x=y), cx is the concentration of unbound mo-
nomer x and Kxy is the association constant for the interac-
tion between monomers x and y [Eq. (2)]. Further, if we
define K as the matrix with the association constants Kxy as
elements and Dc as the diagonal matrix with the concentra-
tions cx of unbound monomers as elements, then M=KDc.
Finally let c denote the column vector of all elements cx, let
1 denote the rR1 vector of all ones and let 1x denote the rR
1 vector the x-th element of which is one, while its remain-
ing elements are zero. The different matrices will be exem-
plified in the case study: the supramolecular system 4+5
and its components (vide infra).

xþ y
Kxy�! �xy Kxy ¼

cxy
cxcy

ð2Þ

Derivation of the mass-balance equations : The total concen-
tration of any species, monomers or polymers, is denoted by
T, and the concentration of specific species, like unbounded
monomers or a specific polymer of length n, is denoted by c.

To estimate the different parameters that characterize a
supramolecular polymer, we need to estimate the associa-
tion constants. The first step will be to solve the mass-bal-
ance equation for the concentrations (cx) of unbound mono-
mers. These values can then be used to fit the model to the
experimental data, giving the estimated association con-
stants. The association constants can, in turn, be used to
compute for example the average degree of polymerization
(DP) or the mole fractions for a specific monomer in differ-
ent environments, for instance adjacent to the same type of
monomer, to exactly one monomer of the same type or to
two monomers of different type. However, for clarity, the
total concentration of polymers, Tpolymer, is first computed
and then different constraints will be added to obtain the
total concentration, Tx, of specific monomers.
For a copolymer consisting of three monomers a, b, and c,

the mass balance Ta of monomer a can be expressed as
Equation (3).

Ta ¼
X1
n¼1

X1
m¼0

X1
k¼0

ncanbmck ð3Þ

Equation (3) can be difficult to express when the associa-
tion constants Kaa, Kbb, Kcc, Kab, Kac, and Kbc are different,
since all possible arrangements of n and m would lead to
different successions of association constants between mon-
omers in the chain. However, consider a polymer named p
of length n and define pk as the monomer at position k in p,
and Kpk�1pk as the association constant between the mono-
mers at positions k�1 and k. The concentration of p, cp, can
then be expressed as Equation (4) in which cpk is the corre-
sponding unbound concentration of the specific monomer at
position k in p.

cp ¼ cp1Kp1p2 cp2 . . .Kpn�1pncpn¼ cp1 P
n

k¼2
Kpk�1pk cpk

¼ cp1 P
n

k¼2
Mpk�1pk

ð4Þ

The total concentration of all polymers of length n, denot-
ed by cn, is obtained by summing Equation (4) over all poly-
mers of length n, that is, over all sequences p in the product
set mn=mRmR…Rm. We can write this sum as Equa-
tion (5) in which the superindex T denotes matrix transposi-
tion and the second equality is a result of the very definition
of a matrix product.

cn ¼
X
p2mn

cp1 P
n

k¼2
Mpk�1pk ¼ c

TMn�11 ð5Þ

The total concentration of all polymers is given by Equa-
tion (6) in which I is the identity matrix.

Tpolymers ¼
X1
n¼1

cn ¼
X1
n¼1
cTMn�11¼ cTðI�MÞ�11

¼ 1TðD�1c �KÞ�11
ð6Þ

Figure 4. Representation of the different associations between different
monomers a, b and c.
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For the sum to converge, it is sufficient that the spectral
radius of M, that is, the largest moduli of its eigenvalues is
less than one. This criterion thus guarantees that the system
will be stable. The right-hand side of the above equation
highlights the symmetry of the expression (both Dc and K
are symmetric matrices); this final equality follows by writ-
ing I=D�1c Dc to see that (I�M)�1=D�1c (D

�1
c �K)�1 and then

noting that D�1c is simply the diagonal matrix of reciprocals
c�1x .
The total concentration of all monomers in solution and

associated in polymers can be obtained similarly, by multi-
plying (weighting) the concentration of polymers of length n
by the number n of monomers in such polymers. Thus we
arrive at Equation (7).

Tmonomers¼
X1
n¼1

ncTMn�11

¼ cTðI�MÞ�21
¼ 1TðD�1c �KÞ�1D�1c ðD�1c �KÞ�11

ð7Þ

If we now look for a specific monomer (x) at a specific
position (s) in any polymer of length n, we can express the
total concentration cx;sn of polymers of length n, having
ACHTUNGTRENNUNGmonomer x at position s as Equation (8).

cx;sn ¼
X

p2mn ;ps¼x
cp1 P

n

k¼2
Mpk�1pk ¼ c

TMs�11x1
T
xM

n�11 ð8Þ

Here the sum is taken over all length n polymers that
have monomer x position s ; indeed, the matrix 1x1

T
x , which

has a single non-zero entry equal to one at position (s, s),
picks out those polymers for which ps=x from the set of all
length-n polymers. Summing Equation (8) over all n s
gives the total concentration of polymers with monomer x at
position s as Equation (9).[27]

cx,s¼
X1
n¼s
cTMs�11x1

T
xM

n�s1

¼ cTMs�11x1
T
xðI�MÞ�11

¼ cTMs�11xc
�1
x 1

T
xðD�1c �KÞ�11

ð9Þ

Summing over all s1, we obtain the total concentration
of monomer x in the system (unbound or bound anywhere
in any polymer of any length) as Equation (10).[28]

Tx¼
X1
n¼1
cTMs�11xc

�1
x 1

T
xðD�1c �KÞ�11

¼ cTðI�MÞ�11xc�1x 1TxðD�1c �KÞ�11
¼ 1TðD�1c �KÞ�11xc�1x 1TxðD�1c �KÞ�11
¼ c�1x ð1TðD�1c �KÞ�11xÞ2

ð10Þ

For a single type monomer system (r=1), containing
ACHTUNGTRENNUNGmonomer M, Equation (10) reduces to the standard EK
model relation[15] with the matrices K= (KE) and Dc= (cM)

given in Equation (11).

TM ¼ c�1M ðc�1M�KEÞ�2 ¼
cM

ð1�KEcMÞ2 ð11Þ

Derivation of parameters related to the composition of all
supramolecular copolymers in solution : The degree of poly-
merization is defined as the number of monomeric units in a
chain. The average degree of polymerization (DP), is de-
fined as the average number of monomeric units in polymer
assemblies. It is given by

DP ¼ number of monomers
number of assemblies

:

Recalling that Equation (6) gives the total concentration
of all supramolecular polymers in solution and that Equa-
tion (7) gives the total concentration of all monomers, we
can compute the degree of polymerization as Equation (12).

DP ¼ Tmonomers
Tpolymers

¼ 1
TðD�1c �KÞ�1D�1c ðD�1c �KÞ�11

1TðD�1c �KÞ�11
ð12Þ

For a single type monomer system (r=1), containing
ACHTUNGTRENNUNGmonomer M, Equation (12) reduces to the standard EK
model relation [Eq. (13)],[24] with the matrices K= (KE) and
Dc= (cM).

DP ¼ 1
1�KEcM

ð13Þ

Other parameters related to the composition of all poly-
mers in the system can be calculated, as for example the
mole fraction of specific monomer in polymers [Eq. (14)],
or (case 1) the mole fraction of monomers adjacent to iden-
tical monomers [Eq. (15)], or (case 2) that of exactly one
adjacent monomer of different type [Eq. (16)], or (case 3)
that of two adjacent monomers of different type [Eq. (17)].

cpolymersx ¼ c
polymers
x

Tx

ð14Þ

cð1Þx ¼
cð1Þx
Tx

ð15Þ

cð2Þx ¼
cð2Þx
Tx

ð16Þ

cð3Þx ¼
cð3Þx
Tx

ð17Þ

The concentration of a specific monomer in all polymers
of length n>1 can be calculated by subtracting the free con-
centration of this monomer from its total concentration. By
using Equation (10), this can be expressed as Equation (18).

cpolymersx ¼ Tx�cx ¼ c�1x ð1TðD�1c �KÞ�11xÞ2�cx ð18Þ
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On the other hand to obtain the other mole fractions, as
defined in Equations (15)–(17), it will be necessary to find
expressions for the concentration of monomers x in the
system having y next to itself (pair xy), and even triplets
(yxz). If we choose two monomers denoted x and y (x and y
can be identical), we have a pair of monomers xy in a chain
in this order, whenever the monomer at a position s is y and
that at position s�1 is x (hence 2� s�n). The concentration
of polymers p of length n having such a pair at position s
can be written as Equation (19).

cx,y;sn ¼
X

p2mn ;ps�1¼x,ps¼y
cp1 P

n

k¼2
Mpk�1pk ¼ c

TMs�21xMxy1
T
yM

n�s1

ð19Þ

This computation is similar to Equation (8) in that the
summation is taken over a specific subset of the set of poly-
mers of length n ; here the subset is those polymers that
have monomers x and y at positions s�1 and s respectively.
Summing Equation (19) over all n s and then over all s2,
we obtain the total concentration of pairs of monomers xy
in the system as Equation (20).

cx,y¼
X1
s¼2

X1
n¼s
cTMs�21xMxy1

T
yM

n�s1

¼ cTðI�MÞ�11xMxy1
T
yðI�MÞ�11

¼ 1TðD�1c �KÞ�11xKxy1
T
yðD�1c �KÞ�11

ð20Þ

We now want to calculate the concentration of monomers
x in a polymer p that are adjacent to monomers of type y
and z (y and z can be of different type from x) in the order
of yxz. Consider a polymer p of length n3 and a position
1< s<n�1. The concentration of such polymers with ps�1=
y, ps=x, and ps+1=z is given by Equation (21).

cy,x,z;sn ¼
X

p2mn :ps�1¼y,ps¼x,psþ1¼z
cp1 P

n

k¼2
Mpk�1pk

¼ cTMs�21yMyxMxz1
T
zM

n�s�11

ð21Þ

Summing Equation (21) first over n s+1 and then over
s2 gives the concentration of triplets xyz in all polymers
as Equation (22).

cy,x,z¼
X1
s¼2

X1
n¼sþ1

cy,x,z;sn

¼ cTðI�MÞ�11yMyxMxz1
T
zðI�MÞ�11

¼ 1TðD�1c �KÞ�11yKyxcxKxz1
T
zðD�1c �KÞ�11

ð22Þ

Case 1: There are two contributions to account for having a
monomer adjacent to the same type of monomer: one con-
tribution when the monomer is at the end of a chain and
one when it is in the interior of a chain.

For the first contribution, we look at the monomer at the
end of a chain of length equal to or greater than 2 (n2).

Using Equation (19) with s=2, we obtain the concentration
of polymers of length n for which the monomers at positions
one and two are identical and equal to x [Eq. (23)].

cx,x;2n ¼ cT1xMxx1
T
xM

n�21 ¼ cxMxx1
T
xM

n�21 ð23Þ

By symmetry, the concentration of polymers in which the
two last monomers are identical and equal to x is the same.
By summing Equation (23) over all n2 we obtain the total
concentration of polymers in which the two first monomers
are x, as Equation (24).

cx,x;2 ¼
X1
n¼2

cx,x;2n ¼ cxMxx1
T
xðI�MÞ�11 ¼ cxKxx1

T
xðD�1c �KÞ�11

ð24Þ

For the second contribution, we look at triplet xyz when
y=x and z=x .This can be computed from Equation (25),
based on Equation (22).

cx,x,x ¼ 1TðD�1c �KÞ�11xKxxcxKxx1
T
xðD�1c �KÞ�11 ð25Þ

Summing up the two kinds of contributions, we find that
the total concentration of monomer x adjacent to the same
type of monomer in all polymers is given by Equation (26).

cð1Þx ¼ 2cxKxx1
T
xðD�1c �KÞ�11þ cxK

2
xxð1TxðD�1c �KÞ�11Þ2 ð26Þ

Case 2 : Again there are two different contributions to ac-
count for having a monomer adjacent to exactly one mono-
mer of different type: when it is at the first or last position
of a chain and when it is in the interior.
The first contribution can be computed by considering a

polymer of length n2. The concentration of such polymers
for which the first monomer is x and the second is different
(denoted y) is computed from Equation (19) with s=2 as
Equation (27).

cx, 6¼x;2n ¼
X
y6¼x
cT1xMxy1

T
yM

n�21 ¼
X
y 6¼x

cxMxy1
T
yM

n�21 ð27Þ

Summing this up over n2 gives the total concentration
of polymers for which the first monomer is x and the second
is different as Equation (28), in which K¼6 x,x is column x of
K, with its x-th element replaced by 0. By symmetry, the
concentration of polymers for which the two last monomers
are not identical and the last monomer is x, is the same.

cx, 6¼x¼
X1
n¼2

X
y 6¼x

cx, 6¼x;2n

¼
X
y6¼x

cxMxy1
T
yðI�MÞ�11

¼
X
y6¼x

cxKxy1
T
yðD�1c �KÞ�11

¼ cxK
T
6¼x,xðD�1c �KÞ�11

ð28Þ
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The other contribution can be computed from Equa-
tion (22) with y=x and z¼6 x, or y¼6 x and z=x [Eq. (29)].

cx,x,y;y,x,x ¼
X
y 6¼x
1TðD�1c �KÞ�11xKxxcxKxy1

T
yðD�1c �KÞ�11

þ
X
y6¼x
1TðD�1c �KÞ�11yKyxcxKxx1

T
xðD�1c �KÞ�11

¼ 2cxKxx1
TðD�1c �KÞ�11xKTx, 6¼xðD�1c �KÞ�11

ð29Þ

Summing the two kinds of contributions, we find that the
total concentration of monomer x adjacent to exactly one
monomer of different type in all polymers is given by Equa-
tion (30).

cð2Þx ¼2cxKT
6¼x,xðD�1c �KÞ�11

þ2cxKxx1
TðD�1c �KÞ�11xKTx,6¼xðD�1c �KÞ�11

ð30Þ

Case 3 : In this case there is only one contribution to account
for having a monomer adjacent to two monomers of differ-
ent type. From Equation (22), we compute the concentration
of monomers x that have two adjacent monomers of type
different from x with y¼6 x and z¼6 x as Equation (31).

cð3Þx ¼
X
y 6¼x

X
z 6¼x
1TðD�1c �KÞ�11yKyxcxKxz1

T
zðD�1c �KÞ�11

¼ 1TðD�1c �KÞ�1K 6¼x,xcxKT6¼x,xðD�1c �KÞ�11

¼ cxðKT6¼x,xðD�1c �KÞ�11Þ2

ð31Þ

Derivation of a general expression for the determination of
association constants by NMR titrations for supramolecular
copolymers containing monomers with two binding sites :
One way to estimate equilibrium constants is to use NMR
titrations.[12] Indeed, when the kinetics of the equilibrium is
faster than the NMR timescale, the observed chemical shift
of a specific proton resonance is an average of the resonan-
ces of this proton in unbound and bound species, weighted
by the mole fractions of the different states present in solu-
tion. For a process such as dimerization or polymerization
of a molecule, the chemical shifts become concentration-de-
pendent because the mole fractions of the different states
are directly related to the total concentration of each mono-
mer.
Since for any monomer x in a linear supramolecular poly-

mer there are two binding sites, the chemical shift of a par-
ticular resonance of a particular monomer will be the sum
of the chemical shifts for the various states of its binding
sites weighted by the concentration of sites in the respective
states relative to the total concentration of sites. A binding
site can be either free (free sites), bound to the same type
of monomer (x to x) or to a different type of monomer (x to
y) in a copolymer. Thus, if we consider a supramolecular
poly ACHTUNGTRENNUNGmer composed of more than one type of monomers, the
chemical shift of the proton resonances for any monomer
x,dHx

, can be taken from the expressions given in Equa-
tions (32)–(35).

dHx
¼ cfree sitesx dfree

Hx

þ cx to x
x dxx

Hx

þ
X
y 6¼x

cx to y
x dxy

Hx ð32Þ

cfree sitesx ¼ cfree sites

T sites x
ð33Þ

cx to x
x ¼ cx to x

T sites x
ð34Þ

cx to y
x ¼ cx to y

T sites x
ð35Þ

Since each monomer x is defined to contain two identical
binding sites (see Figure 4), the total concentration (Tsites x)
of binding sites is equal to twice the total concentration (Tx)
of the monomer x added to the solution.
First we compute the concentration of unbound binding

sites (cfree sites) for a specific monomer x. A monomer has a
free binding site if it is situated at the first or last position of
any polymer of length n1. Using Equation (8) with s=1
and s=n, we can compute the concentration of polymers of
length n for which the first or last monomer is x. Then sum-
ming up over all n1 we obtain the total concentration of
polymers for which the first or last monomer is x, which rep-
resents the concentration of free binding sites [Eq. (36)].

cfree sitesx ¼
X1
n¼1

cx;1n þ
X1
n¼1

cx;nn

¼
X1
n¼1
cT1x1

T
xM

n�11þ
X1
n¼1
cTMn�11x1

T
x1

¼ 2cT1x1TxðI�MÞ�11
¼ 2� 1TxðD�1c �KÞ�11

ð36Þ

To compute the concentration cx to y of binding sites of
monomers x bound to a binding site of monomer y, we have
to consider two different contributions; either we have the
pair xy (y at position s and x at position s�1, cx,y) or the
other way around, yx (cy,x). Using Equation (20) for the two
cases we obtain the concentration of binding sites x to y in
all polymers as Equation (37).

cx to y¼ cx,y þ cy,x

¼ 1TðD�1c �KÞ�11xKxy1
T
yðD�1c �KÞ�11

þ 1TðD�1c �KÞ�11yKyx1
T
xðD�1c �KÞ�11

¼ 2� 1TðD�1c �KÞ�11xKxy1
T
yðD�1c �KÞ�11

ð37Þ

Equation (37) can be used to compute the concentration
of binding sites bound to the same type in all polymers
(cx to x) with x=y [Eq. (38)].

cx to x ¼ 2� 1TðD�1c �KÞ�11xKxx1
T
xðD�1c �KÞ�11 ð38Þ

Inserting Equations (36)–(38) into Equations (32)–(35)
gives the expression [Eq. (39)] that relates the observed ex-
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perimental data dHx
to the unknown association constants

and the concentrations of unbound monomers as expressed
by the matrices K and Dc, respectively.

dHx
¼2� 1

T
xðD�1c �KÞ�11
T sites x

dfree

þ 2� 1
TðD�1c �KÞ�11xKxx1

T
xðD�1c �KÞ�1

T sites x
dxx
Hx

þ
X
y 6¼x

2� 1TðD�1c �KÞ�11xKxy1
T
yðD�1c �KÞ�1

T sites x
dxy
Hx

ð39Þ

Application of the mathematical model on the supramolec-
ular system 4+5

Definition of the system used in the case study : Including
linear polymers of salen 4 and porphyrin 5 (structures in
Figure 1) to the preliminary association model 4+5=6[18a]

did not provide a good fit to experimental NMR data ob-
tained in CDCl3. A breakthrough was made when a sample
of 5 was recorded on a 1H NMR spectrometer at a frequen-
cy of 500 MHz instead of at lower frequencies. The 1H NMR
spectra of 5 at 500 MHz show the presence of two different
species. They have the same structure since all resonances
are duplicated, except for the resonances of the two methyl
groups on each benzene ring at positions 10 and 20 of 5,
which appear as three singlets. This behavior can only be ex-
plained by the presence of two different atropisomers of 5,
one having a cisoid conformation, 5c, and the other a trans-
oid, 5 t. For 5c, the two sides of the porphyrin plane are not
identical (Figure 5a), which gives rise to two magnetically

different environments for the two methyl groups, one
above the plane and one below. In contrast, for 5 t, the two
sides of the porphyrin plane are identical (Figure 5b). The
protons of the two methyl groups are thus magnetically
identical, giving rise to only one resonance in the 1H NMR
spectrum.
Also intriguing is that the chemical shift of the NH

proton resonance of the 2-pyridone moiety is concentration-
dependent for both 5c and 5 t. However, the shift of the
above-mentioned proton resonance of 5 t is more sensitive
to the variation of the total concentration of 5 (Figure 6,
middle), indicating that 5c and 5 t are not exclusively in-
volved in the same type of associations. The chemical shift
of the NH proton resonance of the 2-pyridone moiety of 5c
is closer to the chemical shift at highest concentration over
the concentration range, in which the chemical shift is clos-
est to the one of full association. Therefore, it seems likely
that 5c must be involved in formation of additional more
well-defined complexes compared to 5 t, in addition to the
mutual complexes involving both 5c and 5 t.
Computational modeling[21] showed that 5c can form a

cyclic trimer, 7 (Figure 7) in the equilibrium mixture. This
result is not surprising due to the spatial orientation of the
two 2-pyridone moieties in 5 (1208) and the ability of the
latter to rotate freely around the phenylene–(2-pyridone)
bond to find an angle to bind to the 2-pyridone moiety of a
neighboring 5. This mechanism is similar to the formation of
cyclic dimers in addition to linear polymers for bis(2-pyri-
done) rods in which the two 2-pyridone moieties are at 1808
spatial orientation to each other.[29] The formation of 7 im-
plies that the chemical shift of the 2-pyridone NH proton
resonance for 5c is an average weighted by the mole frac-
tions of 5c present in 7, polymers, and as a free species,
while in 5 t the corresponding chemical shift is only the aver-
age of 5 t as a free species and as a component of supra-
molecular polymers. A direct observation of the cyclic
trimer 7 in the present system is difficult due to the fact that
it exists in a small amount and that it is in fast equilibrium
with other similar species, precluding direct isolation or
spectroscopic identification including DOSY.[11] ESIMS
could indeed identify trimers, but will not be able to confirm
that they are cyclic.[30, 31]

For salen 4, the 1H NMR spectra are as expected; salen 4
shows only one type of conformer (Figure 6 (top) shows the
part containing the 2-quinolone NH proton resonance),
since the multiplicity of all the observed resonances were as
predicted from one structure. The resonance of the 2-quino-
lone NH proton was the only one demonstrating large con-
centration dependence. As a result, in the 1H NMR dilution
titrations of 4+5 (Figure 6, bottom), the chemical shift of
three NH proton resonances from the 2-pyridone motifs
were followed, one for 4 and two for 5 ; thus the term “for-
mally a two-component system, in reality a three-compo-
nent” is used to describe the supramolecular system 4+5.
For system 4+5, all involved equilibrium constants can

now be defined: In addition to the association constants for
the elongation of the supramolecular polymers [K44, K55,

Figure 5. Schematic representation of the different atropisomers, a) 5c
and b) 5 t of porphyrin 5.
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K45, Eq. (40)], we have the equilibrium constant for the for-
mation of the heterodimer 6 from a linear dimer composed
of 4 and 5c [K6, Eq. (41)]. Finally we have the equilibrium
constant for the formation of the cyclic trimer 7 from the
linear trimer composed of three 5c [K7, Eq. (42)] and the
equilibrium constant for the isomerization of the transoid
atropisomer 5 t to the cisoid 5c [Ki, Eq . (43)].

4þ 4
K44�! �42 x,Kx��! ��4n5m K44 ¼

c42
c24

4þ 5
K45�! �4151 Kx=y��! ��4n5m K45 ¼

c4151
c4c5

5þ 5
K55�! �52 y,Ky��! ��4n5m K55 ¼

c52
c25

ð40Þ

415 c1
K6�! �6 K6 ¼

c6
c415 c1

ð41Þ

5 c3
K7�! �7 K7 ¼

c7
c5 c3

ð42Þ

5 t
Ki�! �5 c Ki ¼

c5 c
c5 t

ð43Þ

There are nine chemical shifts defined for the system
(Figure 8). For salen 4 there are four different chemical
shifts for the resonance of the 2-quinolone NH: one for the
2-quinolone binding unit when it is free (dfree4 ), another when
it is hydrogen bonded to the same type of monomer in a
chain (d444 ), one when it is hydrogen bonded to a monomer
of different type in a chain (d454 ), and finally one when it is
hydrogen bonded to 5c in heterodimer 6 (d64). The same ap-
plies to porphyrin 5 : one when it is free (dfree5 ), one when it
is hydrogen bonded to the same type of monomer (d555 ), one
when it is hydrogen bonded to a monomer of different type
in a chain (d455 ) and one when 5c is hydrogen bonded to 4 in
heterodimer 6 (d65 c). However, for 5 we have one more
chemical shift, since 5c can form the cyclic trimer 7, and
thus we define a chemical shift for 5c when it is hydrogen
bonded in the cyclic trimer 7 (d75 c). It can be assumed that
the strength and the geometry of the different self-associa-
tions of 5 (from 5 t or 5c) are similar and occur with the
same association constant; resulting in that 5 gives rise to
the same chemical shift when it is hydrogen bonded in a
chain, no matter if the association involves 5c or 5 t. A simi-
lar assumption is made for the association of 4 to 5 in a

Figure 6. Top: A part of the 1H NMR spectra (500 MHz, CDCl3, 283 K)
of 4 at T4= a) 30, b) 18, c) 10.1, d) 6.5, e) 3.9, f) 2.3, g) 1.4, and h)
0.50 mm. Middle: A part of the 1H NMR spectra (500 MHz, CDCl3,
283 K) of 5 at T5= a) 30, b) 18, c) 10.1, d) 6.5, e) 3.9, f) 2.3, g) 1.4, h)
0.80, and i) 0.50 mm. Bottom: A part of the 1H NMR spectra (500 MHz,
CDCl3, 283 K) of system 4+5 at T4=T5= a) 15.2, b) 8.1, c) 4.3, d) 2.3,
and e) 1.2 mm.

Figure 7. Molecular mechanics[21] 3D representation of cyclic trimer 7.
Long alkyl chain substituents are removed for clarity and ease of model-
ing.
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chain. On the other hand, when 5c is hydrogen bonded to 4
in the heterodimer 6 or the cyclic trimer 7, the strength and
geometry is most probably different, and thus the chemical
shifts for the 2-pyridone/2-quinolone NH proton resonances
of 5c and 4 were assumed to be different.

Estimation of the thermodynamic parameters and corre-
sponding equilibrium constants for the case study (system
4+5) using NMR dilution titrations : Three different experi-
ments were carried out, each at five to six different temper-
atures in the range 233–313 K. Two in which salen 4 and
porphyrin 5 were used separately in NMR dilution titration
experiments: the NH proton resonance in the 2-pyridone/2-
quinolone motif was monitored as the total concentration of
mono ACHTUNGTRENNUNGmers was altered systematically for 4 and 5, respective-
ly, and a third one in which a mixture of 4 and 5 in equimo-
lar ratio was investigated in the same way. The first two ex-
periments were used to obtain an initial estimate of the self-
association constants (K44 for 4 and K55 for 5) as well as the
equilibrium constant for the isomerization of 5 (Ki) and for
the formation of cyclic trimer 7 from a linear trimer of 5c
(K7) (see Supporting Information for details). The third one
was used to obtain an initial estimate of the association con-
stant for the formation of cyclic dimer 6 from the linear
dimer 415c1 (K6) and of the hetero-association constant K45.

Finally, the observed proton resonances from all three dilu-
tion titration experiments were used together to obtain a
globally better estimate of all the above-mentioned equilib-
rium constants. The concentrations in the titration span 0.30
to 30 mm. The lower part of the interval was set by the ex-
tended broadness of the observed 2-pyridone proton reso-
nance and the higher by the limited solubility of the compo-
nents in CDCl3.

NMR dilution titration experiments using 4 : In this system
there is only one monomer 4, as seen from the NMR spectra
in Figure 6 (top), and therefore the different equations are
reduced to the EK model and the different matrices are
Dc= (c4) and K= (K44). The total concentration of monomer
is computed by using Equation (10), which then reduces to
Equation (44).

T4 ¼
c4

ð1�K44c4Þ2 ð44Þ

From Equation (39), the chemical shifts of 4 can be com-
puted [Eq. (45)].

d4 ¼
1

ð1�K44c4ÞT4
dfree sites4 þ K44c4

ð1�K4c4Þ2T4
d444 ð45Þ

NMR dilution titration experiments using 5 : This system is a
bit more complicated since there are two monomers, 5 t and
5c as seen from the NMR spectra in Figure 6 (middle), in-
terconverting in the isomerization equilibrium [Eq. (43)].
However, there is only one association constant for the
elongation of the supramolecular polymer, since it is as-
sumed that it occurs with the same association constant for
5c or 5 t [K5c5c=K5 t5 t=K5c5 t=K55, Eq. (40)]. Furthermore,
there are two additional equilibrium constants, the forma-
tion of the cyclic trimer 7 and the isomerization of 5, respec-
tively K7 [Eq. (42)] and Ki [Eq. (43)].
The mass balance for 5 can be decomposed into two dif-

ferent terms [Eq. (46)], in which T5t and T5c represent the
total concentration of respectively 5 t and 5c in any forms
(in polymers for 5c and 5 t, in cyclic trimer 7 for 5c and as
unbound).

T5 ¼ T5 t þ T5 c ð46Þ

From Equation (10) we can get Equation (47) to compute
the total concentration for 5 t and the total concentration of
5c is computed [Eq. 48] from a combination of Equa-
tions (10), (40), and (42).

T5 t ¼ c�15 t ð1TðD�1c �KÞ�115 tÞ2 ð47Þ

T5 c ¼ c�15 cð1TðD�1c �KÞ�115 cÞ2 þ 3K2
55K7c

3
5 c ð48Þ

with Dc=

�
c5 t
0

0
c5 c

�
and K=

�
K55
K55

K55
K55

�
.

Using matrix algebra, Equations (47) and (48) can be re-
duced to Equations (49) and (50).

Figure 8. The definition of the chemical shift of the NH proton resonance
of the 2-pyridone moiety in different states: a) 4 unbound (dfree4 ); b) 5 un-
bound (dfree5 ); c) 4 hydrogen bonded to 4 in polymer (d

44
4 ); d) 4 hydrogen

bonded to 5 in polymer (d454 ); in heterodimer 6 (d
6
4); 5 hydrogen bonded

to 4 in polymer (d455 ); in heterodimer 6 (d
6
5 c); e) 5 hydrogen bonded to 5

in polymer (d555 ); 5c hydrogen bonded to 5c in cyclic trimer 7 (d
7
5 c).
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T5 t ¼
c5 t

ð1�K55ðc5 t þ c5 cÞÞ2 ð49Þ

T5 c ¼
c5 c

ð1�K55ðc5 t þ c5 cÞÞ2
þ 3K2

55K7c
3
5 c ð50Þ

Finally, by summing up Equations (49) and (50) as stated
in Equation (46), we can compute the total concentration of
5 as Equation (51).

T5 ¼
c5 t þ c5 c

ð1�K55ðc5 t þ c5 cÞÞ2
þ 3K2

55K7c
3
5 c ð51Þ

Using Equation (39) and the matrices as defined above,
the chemical shifts for 5 t and 5c can be computed from
Equations (52) and (53), respectively.

d5 t ¼
c5 t

ð1�K55ðc5 t þ c5 cÞÞT5 t
dfree5 þ

ðc5 t þ c5 cÞK55c5 t
ð1�K55ðc5 t þ c5 cÞÞ2T5 t

d555

ð52Þ

d5 c ¼
c5 c

ð1�K55ðc5 t þ c5 cÞÞT5 c
dfree5 þ

ðc5 t þ c5 cÞK55c5 c
ð1�K55ðc5 t þ c5 cÞÞ2T5 c

d555

þ 3K
2
55K7c

3
5 c

T5 c
d75 c

ð53Þ

NMR dilution titration experiments using 4+5 : Here we
have three different monomers, 4, 5c, and 5 t, as seen in the
NMR spectra in Figure 6 (bottom), and two additional asso-
ciation constants: the formation of the heterodimer 6 from
a linear dimer composed of 4 and 5c, K6 [Eq. (41)], and the
elongation of the supramolecular polymer, K45, in which 4
associates with 5 and vice versa.
The matrices for the polymeric part of the system 4+5 are

The mass balances for 4, 5c , and 5 t can be computed
from Equations (10), (41), and (42) as Equations (54)–(56),
and the total concentration of 5 is given by Equation (57).

T4 ¼ c�14 ð1TðD�1c �KÞ�114Þ2 þK45K6c4c5 c ð54Þ

T5 t ¼ c�15 t ð1TðD�1c �KÞ�115 tÞ2 ð55Þ

T5 c ¼ c�15 cð1TðD�1c �KÞ�115 cÞ2 þ 3K2
55K7c

3
5 cþK45K6c4c5 c ð56Þ

T5 ¼c�15 t ð1TðD�1c �KÞ�115 tÞ2 þ c�15 cð1TðD�1c �KÞ�115 cÞ2

þ3K2
55K7c

3
5 cþK45K6c4c5 c

ð57Þ

Leading on Equation (39), the chemical shifts for 4, 5 t,
and 5c, can be computed from Equations (58)–(60), remem-
bering that each component contains two identical binding
sites.

d4 ¼
2� 1TðD�1c �KÞ�114

2T4
dfree4

þ 2� 1
TðD�1c �KÞ�114K441

T
4ðD�1c �KÞ�11

2T4
d444

þ 2� 1
TðD�1c �KÞ�1ð14K451

T
5 tþ 14K451

T
5 cÞðD�1c �KÞ�11

2T4
d454

þ 2K45K6c4c5 c
2T4

d64

ð58Þ

d5 t ¼
2� 1TðD�1c �KÞ�115 t

2T5 t
dfree5 t

þ 2� 1
TðD�1c �KÞ�1ð15 tK551

T
5 tþ 15 tK551

T
5 cÞðD�1c �KÞ�11

2T5 t
d555

þ 2� 1
TðD�1c �KÞ�115 tK451

T
4ðD�1c �KÞ�11

2T5 t
d455

ð59Þ

d5 c ¼
2� 1TðD�1c �KÞ�115 c

2T5 c
dfree5 c

þ 2� 1
TðD�1c �KÞ�1ð15cK551

T
5 tþ 15 cK551

T
5 cÞðD�1c �KÞ�11

2T5 c
d555

þ 2� 1
TðD�1c �KÞ�115 cK451

T
4ðD�1c �KÞ�11

2T5 c
d455

þ 2K
2
55K7c

3
5 c

2T5 c
d75 cþ

2K45K6ccc5 c
2T5 c

d65 c

ð60Þ

Since the isomerization process of 5 is slower than the
NMR timescale, it is possible to know the ratio of the total
concentration of 5c and 5 t [Rct, Eq. (61)].

Rct ¼
T5 c
T5 t

ð61Þ

The experimental value is obtained by measuring the
ratio of the integral of a specific proton resonance of 5 in 5c
and 5 t in the aromatic region. The peak giving the best base
line separation was used.

Estimation of the thermodynamic data and calculation of the
equilibrium constants of the system 4+5 : Following the fit-
ting procedure described in the Supporting Information, we
obtained the thermodynamic data for the different equilibria
representing the system 4+5 as defined in Equations (40)–
(43). The results are summarized in Tables 1 and 2. The tem-
perature span for which the change in standard entropy is
recorded is only 53–83 8C due to the limited solubility of the
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components, and therefore these data are less accurate com-
pared to the standard enthalpy data. The quality of the fit is
demonstrated in Figures 9 and 10. Figure 9 shows as exam-
ples the systems 4, 5, and 4+5 at one of the investigated
temperatures (283–284 K); the observed chemical shifts of
the three observed NH 2-pyridone/2-quinolone protons,
NH4, NH5c and NH5 t are plotted for each concentration in-
vestigated together with the best fit of the derived complete
mathematical association model to these data. During the
dilution titrations at 283–284 K, the degree of association
varies from 6 to 99% for 4 in system 4, from 55 to 100% for
5 in system 5, and finally from 34 to 95% for 4 and 67 to
99% for 5 in system 4+5. Apart from the titration of system
4, the two other titrations are not completely in the opti-
mum interval for NMR titrations (roughly speaking the
degree of association should be from 20 to 80%[32]), due to
constrains in the sensitivity of the NMR signal and the limit-
ed solubility of the components. However, the high number
of data points used in the final fitting (approximately, 300)
including many systems, 4, 5, and 4+5, studied over many
different temperatures, is expected to compensate for the
above-mentioned shortcoming, leading to high accuracy of
the model, supported by the fact that the obtained values of
DH8 for the different 2-pyridone/2-quinolone binding motifs
in system 4+5 correlates within the 95% confidence interval
with the reported value for the dimerization of 2-pyridone
itself (vide infra). Moreover, as can be seen in Figure 10a–c,

the observed and calculated shifts for the three NH-proton
resonances of the 2-pyridone/2-quinolone moieties correlate
well over the investigated concentration ranges. The ob-
served shifts as seen in Figure 10a–c were measured with
high accuracy from the NMR spectra; however, the Rct
values that were obtained from the ratio of the same proton
resonance, one from the cisoid and one from the transoid
compound, 5c and 5 t, respectively, in separate experiments
at different temperatures and concentrations, were not as
accurate since the signals were sometimes overlapping.
However, the Rct values were needed to constrain the model
and since the expression for the Rct is not a linear combina-
tion of independent variables (as is the case for the chemical
shift), the model cannot be adjusted to give a better fit, thus
the worse correlation between observed and calculated data
in Figure 10d compared to Figure 10a–c.

Table 1. Estimtated thermodynamic parameters[a] for the different equili-
bria as defined in Equations (40)–(43) in CDCl3 based on the fitting of
the derived general mathematical EK model to the NMR dilution titra-
tion data.

Entry Equilibrium DH8 [kJmol�1] DS8 [Jmol�1K�1]

1 K55 �32�3 �42�5
2 K44 �29�1 �53�4
3 K45 �18�5 �11�16
4 K6 �24�5 �57�16
5 K7 �15�4 �26�13
6 Ki �5�4 �16�12

[a] 95% confidence interval.

Table 2. Estimated chemical shifts[a] of the proton resonances of the dif-
ferent hydrogen-bonding NH 2-pyridone motifs in CDCl3 for the differ-
ent states of system 4+5 as defined in Figure 8 based on the fitting of the
derived general mathematical EK model to the NMR dilution titration
data.

Entry Hydrogen-bonding
motif

Chemical shift [ppm]

1 dfree4 8.56�0.06
2 d444 13.14�0.08
3 d454 13.53�0.32
4 d64 13.81�0.58
5 dfree5 8.80�0.14
6 d555 14.14�0.02
7 d455 13.98�0.18
8 d65 c 14.18�0.12
9 d75 c 14.55�0.14

[a] 95% confidence interval.

Figure 9. Observed chemical shifts of the NH proton resonances of the 2-
pyridone (2-quinolone) moieties (* for 4, ^ for 5 t and R for 5c) in the
different NMR dilution titrations at 283–284 K in CDCl3. The solid line
represents the best fit of the derived general mathematical EK model to
the experimental data. Top: Titration of 4. Middle: Titration of 5.
Bottom: Titration of system 4+5 (1:1) and Tx=T4=T5.

Chem. Eur. J. 2007, 13, 9617 – 9636 H 2007 Wiley-VCH Verlag GmbH&Co. KGaA, Weinheim www.chemeurj.org 9629

FULL PAPERSupramolecular Chemistry

www.chemeurj.org


The excellent correlations in Figures 9 and 10 support the
EK model for the formation of the different aggregates in
the system 4+5.
As can be seen in Table 1, the homo-association of respec-

tive components 4 and 5 to linear structures is the most
stable type of association (entries 1 and 2, DH8), except for
the formation of the cyclic structure 7 (entry 5, DH8). How-
ever, hetero-association of 4 and 5 forming linear structures
(entry 3, DH8) is less stable and the value of DH8 deviates
to some extent from the one for 2-pyridone itself, whereas
the hetero-associations forming the cyclic structures 6 corre-
late well with the latter (entry 4, DH8). It can be anticipated
that the homo-association of such systems based on the 2-
pyridone hydrogen-bonding motif should be more stable
than for the corresponding hetero-associated systems due to
a perfect match between the two (identical) hydrogen bonds
involved in the former case, compared to the hetero-associ-
ated system in which, for example, one of the two hydrogen
bonds (not identical) could be a little bit longer than the
other, making the second a somewhat weaker.
It is notable that the change in standard enthalpy (DH8)

for all the associations involving structures based on the 2-
pyridone hydrogen-bonding pattern, represented by the
equilibria in Equation (40) (K44, K55, K45) is close to the re-
ported value for the dimerization of 2-pyridone itself in
CHCl3, DH8=�25.3 kJmol�1 when taking into account the
95% confidence intervals of the former.[19] Importantly, this
similarity provides a positive validation of the extended
equal K model derived in this study.
Another observation is that the loss in standard entropy

for the formation of a homodimer of 4 is more pronounced
than for 5 (entries 1 and 2, DS8). This difference in the
change of entropy for the formation of a homodimer of
either 4 or 5 induces a large difference in the corresponding
self-association constants (Tables 3 and 4), as calculated

from the thermodynamic parameters at the temperatures
used in the NMR dilution titrations.
In the equal K model all association constants between

the same type of binding elements are the same indepen-
ACHTUNGTRENNUNGdent of where in an assembly they might appear. Including
the possibility of cooperative effects in the association to
linear copolymers would necessarily mean that Kn¼6 Kn+1

thus increasing the number of parameters to be included in

Figure 10. Correlation between calculated and observed chemical shifts
and Rct values for system 4+5 in CDCl3 for the final fitting of the derived
general mathematical EK model to the data from the NMR dilution ti-
trations: a) NH proton resonances of the 2-pyridone (2-quinolone) motif
in 4. b) NH proton resonances of the 2-pyridone moiety in 5c. c) NH
proton resonances of the 2-pyridone moiety in 5 t. d) Rct values for 5.

Table 3. Estimated association constants[a,b] as defined in Equation (40)
(oligomerizations) at the different temperatures used in the NMR dilu-
tion titration experiments in CDCl3.

Entry T [K] 10�2·K44 [m
�1] 10�3·K55 [m

�1] 10�2·K45 [m
�1]

1 233 45 (38, 52) 78 (67, 91) 26 (13, 50)
2 263 8.2 (7.3, 9.1) 12 (11, 14) 9.0 (6.1, 14)
3 273 5.0 (4.5, 5.6) 7.1 (6.5, 7.8) 6.7 (4.8, 9.3)
4 283 3.2 (2.9, 3.6) 4.3 (4.0, 4.8) 5.1 (3.8, 6.7)
5 298 1.7 (1.5, 1.9) 2.2 (2.0, 2.4) 3.5 (2.7, 4.4)
6 312 0.99 (0.91, 1.1) 1.2 (1.0, 1.4) 2.5 (1.9, 3.1)

[a] 95% confidence interval (min, max). [b] The estimated association
constants are based on the fitting of the derived general mathematical
EK model to the NMR dilution titration data.
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the fitting compared to the present mathematical model.[33]

The fact that the fitting of the extended equal K model to
the experimental data for the system is excellent as seen in
Figures 9 and 10, indicates that the system is non-coopera-
tive. Moreover, it could have been speculated that such
mechanism would have been likely due to the possibility to
form p–p interactions between different turns of the linear
supramolecular oligomers in the system 4+5, if the oligo-
mers would exist in helical conformations. However, the
chemical shifts of the proton resonances of the aromatic
structural units in system 4+5 are very little affected by
change in the total concentration of the system, indicating
the lack of p–p interactions and thereby making the forma-
tion of tight helical conformations and thus cooperative
mechanisms for the association of the monomers, less likely.
This view is also supported by the fact that the distance be-
tween the two binding sites of each monomer 4 and 5, re-
spectively, is relatively large; in addition, the connection be-
tween them is flexible making one predominant conforma-
tion, advantageous for helical cooperative binding, less likely.
As expected, the formation of the cyclic heterodimer 6

from the linear dimer 415c1 is very much disfavored by en-
tropy compared to the formation of 415c1, DS8=�57.2 and
�11.3 Jmol�1K�1, respectively (Table 1, entries 3 and 4).
This is due to the extensive loss of degrees of freedom of
the components 4 and 5c upon formation of 6 compared to
what it is the case upon formation of 415c1 from the respec-
tive mono ACHTUNGTRENNUNGmers. The formation of 6 from 415c1 is only slight-
ly favored by enthalpy compared the formation of 415c1
from 4 and 5c, DH8=�24 and �18 kJmol�1, respectively
(Table 1, entries 3 and 4). These results can be explained by
the fact that the angle between the two aromatic planes of
the 2-pyridone - aryl system of 5c must have a value close
to zero, causing steric strain, to obtain a good planarity of
the hydrogen bond between the 2-quinolone of 4 and the 2-
pyridone of 5c to form 6.
On the other hand, the formation of the cyclic trimer 7 is

disfavored by enthalpy and favored by entropy, if we com-
pare the enthalpy and entropy of formation of a linear
trimer 5c3 and the one for the formation of 7 from 5c3
(Table 1, entries 1 and 5).

Determination of some of the different parameters character-
izing system 4+5 : The different association and equilibrium

constants for the system 4+5 can be used to calculate the
different parameters characteristic of the supramolecular
system. Such parameters include the degree of polymeri-
zation, the mole fractions of a given monomer in different
aggregates, macrocycle and oligomers, present in the solu-
tion at different concentrations of the monomers and the
mole fraction of a given monomer at a given position in
oligomers, using the expressions derived for the general as-
sociation model (vide supra).

The average degree of polymerization : By using Equa-
tion (12), the degree of polymerization (DP) of the system
4+5 was investigated within the solubility range in CDCl3 at
298 K (Figure 11). First it should be noted that the values of

DP are low, indicating the formation of oligomers instead of
polymers. Moreover, as can be seen from Figure 11 (~), DP
is strongly influenced by the addition of 5 to a 5.0 mm solu-
tion of 4. The DP value changes from 1.5 before the addi-
tion, to 6.4, when 6 equivalents of 5 have been added (T5=
30 mm, �logT5=1.52). On the other hand, the addition of 4
to a 5.0 mm solution of 5 decreases the DP until the total
concentration of 4 passes 6.8 mm. At higher concentrations
the DP starts to increase again (Figure 11, *). Finally, the
DP is equal to 2.3 when T4=T5=5.0 mm and reaches a max-
imum of 5 at 30 mm (�logT5=1.52) (Figure 11, R), the
highest possible concentration due to the limited solubility
of 5 in CDCl3.

The distribution of monomer 4 and 5 (2 and 3) among dif-
ferent species in system 4+5 (2+3): From Equations (14)
and (18), the distribution of one particular monomer among
different oligomers (polymers) at a given concentration of
monomers within the solubility range of the system 4+5 in
CDCl3 at 298 K can be calculated. From Equation (14) (in
which the index “polymer” is exchanged for one of the mac-
rocyclic species 6 and 7) and Equations (40)–(42) the distri-
bution of 4 and 5 in cyclic species can be computed with

Table 4. Estimated association constants[a,b] as defined in Equations (41)–
(43) (cyclizations and isomerization) at the different temperatures used
in the NMR dilution titration experiments in CDCl3.

Entry T [K] 10�1·K6 [m
�1] K7 [m

�2] Ki

1 233 25 (15, 41) 92 (57, 150) 1.7 (1.2, 2.4)
2 263 6.0 (4.6, 7.8) 38 (29, 50) 1.3 (1.1, 1.5)
3 273 4.0 (3.2, 5.0) 30 (24, 37) 1.2 (1.0, 1.3)
4 283 2.8 (2.3, 3.3) 24 (19, 28) 1.1 (1.0, 1.2)
5 298 1.6 (1.3, 2.0) 17 (14, 20) 1.0 (0.92, 1.1)
6 312 1.0 (0.84, 1.3) 13 (10, 16) 0.91 (0.70, 1.1)

[a] 95% confidence interval (min, max). [b] The estimated association
constants are based on the fitting of the derived general mathematical
EK model to the NMR dilution titration data.

Figure 11. The average degree of polymerization at different concentra-
tion of salen 4 and porphyrin 5 in CDCl3 at 298 K. T4=5.0 mm and T5
varies (~), T5=5.0 mm and T4 varies (*) and Tx=T4=T5 (R).
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Equations (62)–(64). Finally the mole fractions of 4 and 5 as
unbound species are given by Equations (65) and (66).

c64 ¼
K45K6c4c5 c

T4
ð62Þ

c65 ¼
K45K6c4c5 c

T5
ð63Þ

c75 ¼
3K2

55c
3
5 c

T5
ð64Þ

cfree4 ¼
c4
T4

ð65Þ

cfree5 ¼
c5
T5

ð66Þ

Figure 12 shows the mole fractions of 5 bound as oligo-
mers, as macrocycles 6 and 7, and as unbound monomers at
different concentrations of monomers 4 and 5. As can be
seen, the addition of salen 4 to a solution of porphyrin 5 in
CDCl3 (5.0 mm) does not have any effect on the mole frac-
tion of 5 involved in oligomers or as unbound; however, the
mole fraction of 5 bound as cyclic trimer 7 or cyclic hetero-
dimer 6 varies (Figure 12a, ^ and ^ respectively). At con-
centrations higher than 2.45 mm (�logT4=2.61), salen 5 is
bound in 6 to a larger extent than in 7. On the other hand,
addition of 5 to a solution of 4 in CDCl3 (5.0 mm) results in
a different case (Figure 12b). Now, the predominant form of
5 is as a part of 6 at low concentrations of 5. At concentra-
tions of 5 higher than 1 mm (�logT5=3), monomer 5 as a
part of oligomers predominates. At concentration of 5
higher than 11 mm (�logT5=1.96) the mole fraction of 5
bound as 7 is higher than bound as 6, but still lower than
that bound as oligomers (Figure 12b). When the concentra-
tion of 5 is varied in the absence of 4, the predominant form
of 5 is as unbound monomer, and at high concentrations it is
dominant as a part of oligomers, as one would expect from
supramolecular polymers (oligomers) (Figure 12c). The
mole fraction of 5 bound as 7 has its maximum at a concen-
tration of 1.3 mm (�logT5=2.89) but still never being the
predominant species in solution. In a 1:1 mixture of 4 and 5,
the predominant form of 5 is as monomer at low concentra-
tion and as part of oligomers at high concentration (Fig-
ure 12d). Having 5 bound as 6 is always more predominant
than having it bound as 7.
The analysis above can also be carried out for the mono-

mer 4 ; however, from now on we will refer to the actual cat-
alyst 2 instead (and also receptor 3 instead of the corre-
sponding model 5), since those mole fractions are of interest
for an elaborate investigation of the substrate selectivity ob-
served in the epoxidations of olefinic substrates using
system 2+3.[18] This allows us to demonstrate the importance
of being able to characterize weak dynamic supramolecular
systems and in this specific case the catalytic properties of
the system, something that is now achievable by the derived
methodology in the present paper, but the details are dis-

Figure 12. Calculated variations of the mole fraction of porphyrin 5 in
different species cx

5, at different concentrations of 4 and 5 in CDCl3 at
298 K: unbound, cfree5 (&), in oligomers 4n5m, coligomers5 (R), in cyclic hetero-
dimer 6, c65 (^), in cyclic trimer 7, c75 (^). a) T4 varies and T5=5.0 mm. b)
T5 varies and T4=5.0 mm. c) T5 varies and T4=0 mm. d) Dilution of a 1:1
mixture of 4 and 5.
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cussed elsewhere.[18] The derivation of the model in the pres-
ent paper was primarily done to further analyze the system
2+3 in the selective catalytic epoxidation of pyridine-ap-
pended olefins over phenyl-appended ones. In our prelimi-
nary studies it was concluded that heterodimer 1 represent-
ed more than 70% of all the species in solution.[18a] This
value was obtained from a simplified model neglecting the
oligomers of any type fitted to the observed substrate selec-
tivity at different total concentrations of 2 and 3 in competi-
tive epoxidations.[18a] However, if we now assume that the
metal-free system 4+5, as analyzed in the present paper,
represents the catalytic system 2+3, the mole fraction of cat-
alyst 2 bound in heterodimer 1, c12, represented by the mole
fraction of 4 bound in 6, c64, [Eq. (62)] never exceeds 0.3.
Notably this maximum is obtained already at low concentra-
tions of 2 when the total concentration of 3 (T3) is 1.0 mm

(�logT3=3) (Figure 13a, *). In fact, the mole fraction of 2
bound as 1 over the range of concentrations used during the
investigation of substrate selectivity of system 2+3[18b] was
rather constant, never exceeding 0.2 (Table 5). Therefore

the observed different substrate selectivities as a function of
the concentrations of 2 and 3 in the competitive epoxidation
are most probably not only explained by the presence of
1.[18] In fact the only parameter that does vary at different
concentrations is the mole fraction of 2 bound as co-oligo-
mers and this should accordingly also account for the ob-
served variation in substrate selectivity with concentration.

Mole fraction of 2 (4) given in a specific environment of
next-neighbors 2 or 3 (4 or 5) in the system 2+3 (4+5): The
calculation of the mole fraction in a specific environment is
of more importance for the catalytic unit in the supramolec-
ular oligomer, therefore they are only calculated for mono-
mer 2 using 4 as a model for the actual system.
From Equations (26), (30), and (31), respectively, and as-

suming that the system 4+5 represents the actual catalytic
system 2+3, we can obtain the mole fraction of 2 adjacent
to the same type of monomer (2 ; cð1Þ2 ) to at least one mono-
mer of different type (3 ; cð2Þ2 ) and to exactly two monomers
of different type (3 ; cð3Þ2 ), in the system 2+3 (4+5) in total.
The two last cases are calculated considering 3 (5) as one
type of monomer. The results are presented in Figure 13
and in Table 5, also including the mole fraction of 2 as un-
bound and bound in 1, cfree2 and c12, respectively [Eqs. (65)

and (62), respectively, setting cfree2 = cfree4 and c12= c64]. In
Table 5, these mole fractions are presented for the specific
concentrations used in the catalytic competitive epoxida-
tions.[18b] The importance of considering 2 and 3 as next
neighbors for the substrate selectivity in the competitive ep-
oxidation with system 2+3 is elaborated elsewhere;[18b] how-
ever, in the present context, it is worth noting that oligomers
having 2 and 3 as next neighbors do contribute to the sub-
strate selectivity together with 1.[18b] In fact as can be seen
from Tables 5 and 6, (cð2Þ2 + cð3Þ2 compared to c12), catalyst 2
with at least one receptor molecule 3 adjacent in oligomers
or with 2 as unbound species is more predominant than 2

Table 5. Calculated mole fraction of salen 2 as unbound species, cfree2 , as
well as in cyclic heterodimer 1, c12 at three different concentrations of 2
and 3 used in the catalytic competitive epoxidations,[18b] using the equilib-
rium data for the model 4+5 in CDCl3 at 298 K (estimated value� stan-
dard error).

Entry T2 [mm] T3 [mm] cfree2
[a] c12

[b]

1 5.0 5.0 0.27�0.01 0.19�0.01
2 5.0 15 0.19�0.01 0.18�0.01
3 0.50 0.50 0.61�0.01 0.22�0.01

[a] From Equation (65) setting cfree2 =cfree4 . [b] From Equation (62) setting
c12=c64.

Figure 13. Calculated variations of the mole fraction of salen 2 (4) with
concentrations, as unbound species, cfree2 (&), and in the cyclic heterodi-
mer 1 (6), c12 (*), adjacent to another 2 (4), cð1Þ2 (R), adjacent to exactly
one porphyrin 3 (5), cð2Þ2 (*), and adjacent to porphyrin 3 (5) in both
ends, cð3Þ2 (~), the three last mole fractions as an average for all species in
the system 2+3 (4+5) in CDCl3 at 298 K. a) T2 varies and T3=5.0 mm. b)
T3 varies and T2=5.0 mm. c) Dilution of a 1:1 mixture of 2+3 (4+5).
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bound in 1, making the oligomers in which 2 and 3 are next
neighbors, and free 2, as much catalytic species as the origi-
nally proposed cyclic heterodimer 1 in the system 2+3.

Conclusion

A general mathematical model that is an extension of the
equal K (EK) model and allows for the determination of as-
sociation constants for dynamic supramolecular systems
such as supramolecular linear copolymers has been derived
without having to recourse to extensive approximations. The
only limitation is the restricted number of experimental data
for the estimation of the association constants. To our
knowledge, this is the most elaborate model for dynamic
supramolecular systems including supramolecular copoly-
mers so far. It enables derivation of true association con-
stants between the different monomers and characterization
of the so-formed aggregates such as oligo- and polymers
with respect to the average degree of polymerization, the
distribution of the monomers among the different associated
species, and the position of a certain type of monomer in
the polymer. There are no restrictions neither in terms of
what type of ditopic monomers employed, nor in terms of
what type of different equilibrium constants being involved.
We also report here on the detailed procedure to obtain

accurate value from the fitting by developing an advanced
procedure in which the calibration of the above mathemati-
cal model is done with care by using NMR dilution titrations
(see Supporting Information). The different parameters that
are involved for each monomer are first estimated separate-
ly and then in turn the hetero-association constants are esti-
mated by using a system in which all monomers have an
equal concentration. Finally all the parameters are refined
by fitting the entire set of data points at all temperatures to
obtain the DH8 and DS8 from which the association constant
could be calculated. This leads to a globally better fit com-
pared to assessing the thermodynamic parameters from a
linear regression of the logarithm of the equilibrium con-
stants obtained separately at each temperature. To our
knowledge this is the first time that such an advanced fitting
procedure for models to NMR titration data is reported in
the literature.

In applying the mathematical model on the metal-free
system 4+5, in which each component contains two identical
hydrogen-bonding motifs based on the 2-pyridone moiety,
different for 4 and 5, constituting formally a two-component
(but in reality a three-component) system, we show that the
developed model could easily be extended to include in ad-
dition to linear co-oligomers also cyclic structures making
this mathematical model useful for application on dynamic
supramolcular systems in general. The fact that the obtained
values of DH8 for the different 2-pyridone binding motifs in
system 4+5 correlates within the 95% confidence interval
with the reported value for the dimerization of 2-pyridone
itself, constitute a valuable verification of our mathematical
model. In addition to obtaining the different thermodynamic
parameters for system 4+5, the different parameters that
characterize the formed supramolecular oligomers could be
explicitly calculated.
The original aim of the work was to present an extension

of the equal K model to assess the different association con-
stants and the distribution of species in the catalytic system
2+3 using system 4+5 as a model. This has enabled us to
refute the earlier conclusion that cyclic heterodimer 1 is the
major species in solution. Instead the situation in which cat-
alyst 2 is adjacent to at least one receptor molecule 3 in
supramolecular oligomers is more predominant.
Although the present model system 4+5 is not designed

to form exclusively supramolecular copolymers due to its
low degree of polymerization and conformational freedom
of the monomers, it allows us to demonstrate the machinery
of the derived mathematical expression for the characteriza-
tion of such species. This fact has enabled us to demonstrate
the extension of the derived mathematical model to dynam-
ic supramolecular systems in general in which many types of
species apart from copolymers do appear, as in the system
4+5. The application of the derived mathematical model on
the system 4+5 has also demonstrated that even if an opti-
mal concentration range for obtaining association constants
from the NMR titrations cannot be obtained due to solubili-
ty and sensitivity reasons, the use of a high number of data
points obtained by titrations of the different components to-
gether as well as alone, at different temperatures, can com-
pensate for these shortcomings.
Finally, although not new as such, it is important to note

that the present methodology in which the inclusion of equi-
libria where predictable but non-identified species partici-
pate, such as the cyclic trimer 7, in the fitting of the model
to experimental data, is to date the only means to identify
weakly associated assemblies, in a supramolecular system
for which direct methods of analyses fail.
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ty cost for their formation, they are less likely compared to the
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